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The Selberg integral is
Bp(α, β, γ) =
∫
∆p
p∏
j=1
tj
α−1(1− tj)
β−1
∏
0≤j<k≤1
(tj − tk)
2γ,
where ∆p = {t ∈ R
p | 0 ≤ tp ≤ · · · ≤ t1 ≤ 1}. The Selberg integral is a generalization of
the beta function. It can be calculated explicitly,
Bp(α, β, γ) =
1
p!
p−1∏
j=0
Γ(1 + γ + jγ)Γ(α + jγ)Γ(β + jγ)
Γ(1 + γ)Γ(α + β + (p+ j − 1)γ)
.
The Selberg integral has many applications, see [A1, A2, As, D, DF1, DF2, M, S]. In
this paper, we present an elliptic version of the Selberg integral.
Let ϑ1(t, τ) be the first Jacobi theta function [WW],
ϑ1(t, τ) = −
∑
j∈Z
eπi(j+
1
2
)2τ+2πi(j+ 1
2
)(t+ 1
2
).
Introduce special functions
σλ(t, τ) =
ϑ1(λ− t, τ)ϑ
′
1(0, τ)
ϑ1(λ, τ)ϑ1(t, τ)
, ρ(t, τ) =
ϑ′1(t, τ)
ϑ1(t, τ)
, E(t, τ) =
ϑ1(t, τ)
ϑ′1(0, τ)
.
Here ′ denotes the derivative with respect to the first argument.
Let κ ≥ 2 be an integer. The theta functions
θκ,m(λ, τ) =
∑
j∈Z
e2πiκ(j+
m
2κ
)2τ+2πiκ(j+m
2κ
)λ, m ∈ Z/2κZ,
form a basis of the theta functions of level κ.
For a positive integer p, the elliptic Selberg integral Ip(λ, τ) is the integral,
Ip(λ, τ) = Jp(λ, τ) + (−1)
p+1Jp(−λ, τ),
1
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where
Jp(λ, τ) =
∫
∆p
p∏
j=1
E(tj , τ)
−
p
p+1
∏
1≤j<k≤p
E(tj − tk, τ)
1
p+1 ×
p∏
j=1
σλ(tj , τ)θ2(p+1),p+1
(
λ+
1
p+ 1
p∑
j=1
tj , τ
)
dt1 . . . dtp .
The branch of the logarithm is chosen in such a way that arg (E(t, τ)) → 0 as t → 0+,
and the integral is understood as a natural analytic continuation.1
Theorem 1. We have
Ip(λ, τ) = cpBp
(
1
2
+
1
2(p+ 1)
,−
p
p + 1
,
1
2(p+ 1)
)
ϑ1(λ, τ)
p+1(1)
where
cp = −(2pi)
p
2 eπi
p
p+1 e−πi
p+2
4
p∏
j=1
(
1− e−πi
j
p+1
)
.
The theorem is a generalization of theorem 13 in [FV1]. The proof is based on the
following remarks. Consider the heat equation
4pii(p+ 1)
∂u
∂τ
(λ, τ) =
∂2u
∂λ2
(λ, τ) + p(p+ 1)ρ′(λ, τ)u(λ, τ).
It is known that this equation has a one dimensional space of solutions u(λ, τ) which
are holomorphic theta functions of level 2(p+ 1),
u(λ+ 2, τ) = u(λ, τ), u(λ+ 2τ, τ) = e−4πi(p+1)(λ+τ)u(λ, τ)
and Weyl skew-symmetric, u(−λ, τ) = (−1)p+1u(λ, τ), see [FV1, FV2]. The space is
called the space of conformal blocks. Clearly the right hand side of (1) has these prop-
erties. According to [FV1], the left hand side of (1) also has these properties. Thus the
two functions are proportional. The coefficient of proportionality is easily calculated in
the limit τ → i∞.
References
[A1] K. Aomoto, Jacobi polynomials associated with Selberg integrals, SIAM
J. Math. Anal. , 1987, N. 18, 545-549.
[A2] K. Aomoto, On the complex Selberg integral, Q. J. Math. Oxford, 1987, N. 38,
385-399.
[As] R. S. Askey, Some basic hypergeometric extensions of integrals of Selberg and An-
drews, SIAM J. Math. , 1980, N. 11, 938-951.
1To define the analytic continuation, we replace the exponential − p
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